Abstract. In 1994, Matsuda and Okabe introduced the notion of semistar operation. This concept extends the classical concept of star operation (cf. for instance, Gilmer's book [20] ) and, hence, the related classical theory of ideal systems based on the works by W. Krull, E. Noether, H. Prüfer and P. Lorenzen from 1930's.
Introduction
A principal use of the classical star operations has been to construct Kronecker function rings associated to an integral domain, in a more general context than the original one considered by L. Kronecker in 1882 [33] (cf. [34] , [35] , and [11] In the third section we define and study the semistar Nagata rings. For instance, we show that there is a natural 1-1 correspondence between the maximal ideals of Na(D, ⋆) and the maximal elements in the set of all proper quasi-⋆-ideals of D ; in particular, the t-maximal ideals of an integral domain D are all obtained as contractions to D of the maximal ideals of Na (D, v) . We prove also that Na(D, ⋆) = Na(D,⋆) . Furthermore, we show that there is a strict link between the semistar operation⋆ , the maximal elements P in the set of all proper quasi-⋆-ideals of D and the valuation overrings of D P . More precisely, if we say that a ⋆-valuation overring of D is a valuation overring of D such that F ⋆ ⊆ F V for each finitely generated fractionary ideal F of D , then we show that a valuation overring V of D is a⋆-valuation overring of D if and only if V is an overring of D P , for some P maximal in the set of all proper quasi-⋆-ideals of D .
In the fourth section we recall from [17] some results concerning Kr(D, ⋆) and ⋆ a and examine the interplay with Na(D, ⋆) and⋆ . In particular, we show that each maximal element Q in the set of all proper quasi-⋆ a -ideals of D is determined uniquely by a ⋆-valuation overring of D (dominating D Q ) and there is a natural 1-1 correspondence between the maximal ideals of Kr(D, ⋆) and the minimal ⋆-valuation overrings of D .
In the final section we examine more closely the relationship between⋆ and ⋆ a and we show that it is hopeless to try to attain an equality by applying (-) and (-) a in different orders to an arbitrary semistar operation.
We use Gilmer's book [20] as our main reference. Any unexplained material is as in [20] and [32] . Many preliminary results on semistar operations and applications appear in conference proceedings (in particular, [17] and [18] ), and hence are not easily available. Because of this possible hindrance, we briefly restate the principal definitions and statements of the main properties that we will need so that the present work will be self-contained. Note that the "module systems" approach, developed very recently by Halter-Koch in [26] , provides a general setting for (re)considering semistar operations and, in particular, many of the constructions related to the semistar operations considered in the present paper. However, since many background results of our paper are proved in an earlier work by Fontana and Huckaba [16] , which has inspired and provided the foundation also of [26] , we maintain the level of generality of this paper within the more classical "semistar" setting.
Background and preliminary results
For the duration of this paper D will represent an integral domain with quotient field K . Let F (D) represent the set of all nonzero D-submodules of K . Let
As in the classical star-operation setting, we associate to a semistar operation ⋆ of D a new semistar operation ⋆ f as follows. Let ⋆ be a semistar operation of a domain 
. Both the Kronecker function rings and the Nagata rings considered in the present paper are defined in a natural way for a general semistar operation. A principal theme of the paper is that both of these classes of rings can be recast as Kronceker function rings and Nagata rings of certain natural semistar operations of finite type. So the entire theory could be stated in terms of semistar operations of finite type. It seems worthwhile to us to keep the more general setting so that, for example, we can talk about the Kronecker function ring and the Nagata ring associated to the classical v operation (which is rarely of finite type).
, is called the spectral semistar operation associated to ∆ . If ∆ = ∅ , then we can extend the previous defintion by setting E ⋆ ∅ := K , for each E ∈ F (D) , i.e. ⋆ ∅ is the trivial semistar operation on D (constant onto K ; cf. Remark 2.1 (b)).
Lemma 2.4. Let D be an integral domain and let ∅ = ∆ ⊆ Spec(D) . Then:
Assume that the set of maximal elements ∆ max of ∆ is also nonempty and that each P ∈ ∆ is contained in some Q ∈ ∆ max . Then: 
. This (semi)star operation was first considered by J. Hedstrom and E. Houston in 1980 [27, Section 3] under the name of F ∞ -operation. Later, starting in 1997, this operation was intensively studied by W. Fanggui and R. McCasland (cf. [12] , [13] , [14] , [15] , ) under the name of w-operation. Note also that the notion of w-ideal coincides with the notion of semi-divisorial ideal considered by S. Glaz and W. Vasconcelos in 1977 [22] . Finally, in 2000, for each (semi)star operation ⋆ , D.D. Anderson and S.J. Cook [4] considered the ⋆ w -operation which can be defined as follows:
. From their theory it follows that ⋆ w =⋆ [4, Corollary 2.10]. The relation betweeñ ⋆ and the localizing systems of ideals was established in [16] .
The collection of all quasi-⋆-ideals of a domain D , associated to a given semistar operation ⋆ , can be an unwieldy object. We now turn to the use of ultrafilters to gain some control over this collection. A similar course was followed in [9] for the special case of the t-operation. We generalize the results given there. We begin with some notation/terminology/definitions.
• Let D be a domain and let J = J (Λ) := {J λ | λ ∈ Λ} be a collection of ideals of D.
• Let U = U(Λ) be an ultrafilter on the index set Λ given above.
We call J U the U-ultrafilter limit of the collection J . Proposition 2.9. Assume the notation/terminology/definitions given above. Assume also that ⋆ is a star operation on D and that each
Proof. The proof is the same as that given in [9, Proposition 2.5] with the toperation replaced by ⋆ an arbitrary star operation of finite type. The "prime ideal part" of the statement follows from [9 
Proof. For ease of notation we set * := ⋆ f . As noted in Lemma 2.2, the quasi- * -ideals of D are precisely the contractions to D of the * -ideals of D * (where * is a (semi)star operation on the domain D ⋆ f defined in Remark 2.1 (c)). The result follows easily by using Proposition 2.9 and Lemma 2.3. 
Semistar Nagata Rings
If R is a ring and X an indeterminate over R , then the ring: 
ND(⋆) and we call it the Nagata ring of D with respect to the semistar operation ⋆ .
Proof. It is a straightforward consequence of Proposition 3.1 (5). 2 Example 3.3.
(1) Let P be a nonzero prime ideal of an integral domain D and let ⋆ := ⋆ {DP } be the semistar operation of D defined as follows:
Then, it is easy to verify that:
(2) The previous example can be generalized as follows. Let D be an integral domain, let ∆ be a nonempty subset of Spec(D) and set ⋆ := ⋆ ∆ . Let ∆ max be the set of all the maximal elements of ∆ and let (5)) and moreover: 
(2) By using (1) and [20, Proposition 33.1 (4)], we have:
For a direct proof of the second statement of (3), it is enough to show that, if (
Proof.
(1) follows easily from Proposition 3.4 (4) and Lemma 2.6. (1) we know that⋆ is a semistar operation of finite type. Hence we know that the quasi-⋆-ideal Q of D is contained in some
By the previous properties, we deduce immediately that M(⋆ f ) = M(⋆) .
(3) Since, from (1), we know that⋆ is a semistar operation of finite type, then, by Proposition 3.
On the other hand, it is easy to verify that QD Q ∩ D⋆ is a⋆-ideal of D⋆ (Lemma 2.2), hence the claim is proved.
The last equality in (3) is a straightforward consequence of Proposition 3.1 (4), of the Claim and of the fact that
The content of Proposition 3.1 (5) is that, when the maximal ideals of Na(D, ⋆) are contracted to D , the result is exactly the prime ideals of D in M(⋆ f ) . We now prove that this result can be reversed: the maximal ideals of Na(D, ⋆) can be obtained by extending to Na(D, ⋆) the prime ideals of D in M(⋆ f ) . In particular:
Proof. Proposition 3.1 (3) indicates that the maximal ideals of Na(D, ⋆) are exactly the ideals of the set {Q[X] N (⋆) | Q ∈ M(⋆ f )} . The result follows easily since these ideals are maximal in Na(D, ⋆) and are each contained in an ideal of the form QD Q (X) , where Q ∈ M(⋆ f ) .
2
Note that the previous result indicates a strong similarity between the Nagata rings and the Kronecker function rings associated to a given semistar operation. In particular, the maximal spectrum of each ring consists of restrictions of the maximal ideals of local overrings of the form R(X) where R is a local overring of D (cf. Theorem 3.8 and [17, Theorem 3.5]). The difference is that, in the Kronecker case, the overrings R are valuation overrings of D and, in the Nagata case, they are localizations of D at certain prime ideals. This is perhaps an indication that the Nagata and Kronecker constructions are actually each special cases of a more general construction involving more general classes of overrings.
We now turn our attention to the question of valuation overrings. The notion that we recall next is due to P. Jaffard [29] (cf. also [23] , [25] , [18] ). Proof. To avoid the trivial case, we assume that V = K . First suppose that V is a valuation overring of D P , for some P ∈ M(⋆ f ) . It is clear from the definition of⋆ that V is a⋆-valuation overring of D . Now assume that V is a⋆-valuation overring of D . Let M be the maximal ideal of V and let P := M ∩ D . We need to show that P is contained in a prime Q ∈ M(⋆ f ) . We consider two cases. Case 1. Suppose that there is a finitely generated ideal J of D contained in
However, JV ⊆ P V is a proper ideal of V and so cannot contain J⋆ . This contradicts our assumption that V was a⋆-valuation overring of D . We conclude that no such ideal J can exist. Case 2.
Suppose that every finitely generated ideal J which is contained in P is also contained in some ideal Q ∈ M(⋆ f ) . Let M(⋆ f ) = {Q λ | λ ∈ Λ} . Note that, by assumption, for any finitely generated ideal J ⊆ P , the set B(J) := {λ ∈ Λ | J ⊆ Q λ } is not empty. Let U be an ultrafilter on Λ which contains each set B(J) , where J runs through the finitely generated ideals contained in P . Such an ultrafilter exists because the intersection of any finite collection of sets {B(J 1 ), B(J 2 ), . . . , B(J n )} is simply B(J 1 + J 2 + . . . + J n ) and so must be nonempty. Then the ultrafilter limit ideal Q U of the collection of prime ideals M(⋆ f ) must be a ⋆ f -prime (Proposition 2.9) and it also clearly contains P . This completes the proof. 2
Semistar Kronecker function rings
Let ⋆ be a semistar operation on an integral domain D . We say that ⋆ is an e.a.b. (endlich arithmetisch brauchbar) semistar operation of It is possible to associate to any semistar operation ⋆ of D an e.a.b. semistar operation of finite type ⋆ a of D , defined as follows: [7] .
If ⋆ is a semistar operation of an integral domain D , then we call the Kronecker function ring of D with respect to ⋆ the following domain:
[17, Theorem 5.1] (cf. also [25] , [37] and [43] ).
In the following statement we collect some of the main properties related to the Kronecker function ring of an integral domain with respect to a semistar operation (cf. 
Remark 4.2. Note that if ⋆ is not the trivial semistar operation, then ⋆ a is also different from the trivial semistar operation. As a matter of fact, if
would be equal to K , for some H ∈ f (D) and H ⊆ D . This implies easily that H ⋆ = K and this contradicts the assumption that D ⋆ = K . 
Proof. As usual, we denote by K the field of fractions of D . It is obvious that: (4) and (5)).
(2) Each quasi-⋆ a -ideal of D , like P , is contained in a quasi-⋆ a -maximal ideal Q of D (Lemma 2.3 (1) ). In particular, we have Assume that ⋆ = ⋆ f . Then:
(1) follows trivially from the fact that if ⋆ 1 and ⋆ 2 are two semistar operations of finite type, then
and from Corollary 2.7 (1) and Proposition 4.1 (1) . (2) and (3) (= d a = b) . Moreover, every valuation overring of D is (obviously) a⋆-valuation overring and also (by the claim) every valuation overring of D is a ⋆ a -valuation overring of D . Therefore,⋆ and ⋆ a are different, but have the same collection of "associated" valuation overrings. Finally, observe that, for the particular ⋆ we are considering here, we have (using a "new" indeterminate Z ):
2 We noted in the preceding example that although⋆ and ⋆ a were different, nevertheless, the collection of the⋆-valuation overrings of D coincides with the collection of the ⋆ a -valuation overrings of D . The next example displays wider differences between the two operations. To prove the claim note that, from the fact that Kr(D, ⋆) is a Prüfer (in fact, Bézout) domain (Proposition 4.1 (3)) and from [17, Theorem 3.5] , there exists a canonical bijection between the maximal ideals of Kr(D, ⋆) and the valuation overrings of Kr(D, ⋆) of the type V (Z) , where V is a minimal ⋆-valuation overring of D (cf. also [10] ). Moreover observe that, by definition, each W ∈ W is a ⋆-valuation overring and that the intersection ∩{W (Z) | W ∈ W} is irredundant, i.e., if any one of the valuation domains W was omitted, the intersection would be different (in fact, it is easy to see that the first intersection in the following formula
is irredundant, because D is a Krull domain, so it is the same for the last intersection; this property implies easily the irredudancy of the ∩{W (Z) | W ∈ W} ). Note that the family of valuation overrings W(Z) := {W (Z) | W ∈ W} of the Prüfer domain Kr(D, ⋆) has finite character (in the sense that each nonzero element of Kr(D, ⋆) is a nonunit in at most finitely many valuation overrings of W(Z) ). As a matter of fact, in this case ⋆ = ⋆ a hence (a 0 , a 1 , . . . , a n ) (a 0 , a 1 , . . . , a n ) ⋆ ∈ f (D) , because D is a Noetherian ring; moreover, each nonzero finitely generated ideal of D is contained in at most finitely many height 1 prime ideals of D , because D is a Krull domain.
The 
The import of this claim is that the collection 
In Example 5.2 ⋆ a =⋆ , however (⋆ a ) =⋆ . It seems plausible that something of this type holds in general. The next example demonstrates that it does not and illustrates why. So it is hopeless to try to attain an equality by applying (-) and (-) a in different orders. Finally, observe that, for the particular ⋆ we are considering here, we have (using a "new" indeterminate Z ): 
